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Abstract
We study the supersymmetric extension of the Faddeev model in four
dimensions. The Faddeev model contains three dimensional soliton solu-
tions and we are interested in how these solitons are affected by supersym-
metry. We consider both the N = 1 and N = 2 extensions and find that
in neither case it is possible to supersymmetrize the model without adding
additional bosonic terms. There are essentially two ways of constructing
the supersymmetric theory, one that will lead to a model which allows for
solitons and another that gives a model where solitons are excluded.
The N = 2 model is studied since extending supersymmetry is the
natural way of including topological charges in the algebra. A lower bound
to the mass is obtained by computing the central charge. The result is
that it is possible to have a non-trivial lower bound on the mass, this in
principle allows for massive solitons.
1 Introduction
The Faddeev model [1] is a non-linear sigma model with higher derivative terms.
It has been proposed as a low energy limit of Yang-Mills theory. The higher
derivative terms makes three dimensional topological soliton solutions possi-
ble [2]. Properties as a topological charge and a lower bound to the mass is
associated to the solitons.
We will study the supersymmetric extension of the model. Supersymmetry
might alter the properties of the solitons or even exclude them as solutions. We
will consider if it is still possible to have the three dimensional solitons found in
[2] in a supersymmetric model and, in that case, we will study their modified
properties. One might also be interested in finding the corresponding fermionic
solutions to the equations of motion.
We start by studying the N = 1 supersymmetric extension to the model.
This has essentially been discussed before in the context of supersymmetric
skyrmeons [3]. We review the results that we need here and explain how to
translate the results in the context of the Faddeev model. We find that it is not
possible to supersymmetrize the model as it stands, that is without adding any
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new bosonic terms to it. Considering solitons this could mean that the stability
of the solutions is affected. We will essentially discuss two ways of writing the
supersymmetric model. The action will contain fields that belong to the vector
and hypermultiplet. Writing the action we will have the freedom of choosing
the relative sign between the actions of the two multiplets. One of the choices
will lead to a model where solitons are allowed, the other results in a model
were they are excluded.
We then consider the N = 2 supersymmetric model. This is motivated by
that the central charge should give us a bound to the mass of our solutions.
We also expect the eventual solutions to have nontrivial topological charge and
extending supersymmetry is the natural way to include that charge in the al-
gebra. New terms still has to be added to the original model in order to have
supersymmetry, we discuss the options in the N = 2 case. We compute the
central charge and find that it will depend both on the fermionic and bosonic
fields. We consider the bosonic part of the central charge, which is relevant for
bosonic solitons, and find a lower bound for the mass. The lower bound will
depend on a topological invariant very similar to the Hopf invariant and from
that we get a hint of what is required of a solution with nontrivial mass.
2 The supersymmetric Faddeev model
We choose to study the Faddeev model in 3+1 dimensions, this corresponds to
the low energy limit of SU(2) Yang-Mills theory [1]. The Lagrangian for the
Faddeev model is [1] [4] :
L = Λ2∂µn
a∂µna − (naǫabc∂µnb∂νnc)2 (1)
where n is a three component unit vector. We use the metric with signature (1
-1 -1 -1). The second term is a closed two form squared and can be interpreted
as F 2µν = (∂µAν − ∂νAµ)2 with:
Fµν = n
aǫabc∂µn
b∂νn
c (2)
Here Aµ can not locally be expressed in terms of n. The new variable Z is
therefore introduced. The vector n is related to Z as
na = Z¯T aZ (3)
where Z = (Z1, Z2) and Z1,2 are complex scalar fields. We use T
a to denote
the generators of SU(2) in the fundamental representation. In terms of Z the
vector field and the field strength are:
Aµ =
i
2
(Z¯∂µZ − ∂µZ¯Z) (4)
Fµν = i(∂µZ¯∂νZ − ∂νZ¯∂µZ) (5)
The condition that n is a unit vector is translated into
Z¯Z = 1 (6)
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In terms of Z the Lagrangian is written as:
L = Λ2D¯µZ¯D
µZ − (∂µZ¯∂νZ − ∂νZ¯∂µZ)2 (7)
with Dµ = ∂µ + iAµ. Note that when introducing the variable Z instead of n
we have introduced an extra degree of freedom, we could eliminate that degree
of freedom by fixing the gauge of Aµ.
Using Z instead of n is also more appropriate as Z can be considered as one of
the fields in the chiral multiplet. The chiral multiplet contains a complex scalar.
Under supersymmetry the fields in the covariantly chiral multiplet transform in
the following way:
δZI =
√
2ξαψIα (8)
δψIα = i
√
2σµαα˙ξ¯
α˙DµZ
I +
√
2ξαF
I (9)
δF I = i
√
2ξ¯α˙σ¯
µα˙αDµψ
I
α − 2iξ¯α˙ZI λ¯α˙ (10)
We have used capital latin letters to denote the components of Z, i.e. I = 1, 2.
The vector field Aµ depends on the scalar field Z but to start with we consider
them as independent variables. We then expect Aµ to transform as part of the
vector multiplet, the variations of the fields under supersymmetry are
δAµ = i(ξ¯α˙σ¯
α˙α
µ λα + ξ
ασµαα˙λ¯
α˙) (11)
δλα =
1
2
ξβσµνβαFµν + iξαD (12)
δD = ξ¯α˙σ¯
µα˙α∂µλα − ξασµαα˙∂µλ¯α˙ (13)
In order to find the supersymmetric theory we start by generalising the condition
(6) by varying it with respect to supersymmetry. The following constraints are
obtained.
ZI Z¯I = 1 (14)
ZI ψ¯I = 0 (15)
ZI F¯I = 0 (16)
Aµ =
i
2
(∂µZ¯
IZI − Z¯I∂µZI)− 1
2
ψIασµαα˙ψ¯
α˙
I (17)
λα = − 1√
2
iF¯ IψIα +
1√
2
σµαα˙DµZ
I ψ¯α˙I (18)
D = D¯µZ¯IDµZI +
i
2
(ψIασµαα˙D¯µψ¯
α˙
I −DµψIασµαα˙ψ¯α˙I )− F¯ IFI (19)
We see that the expression for Aµ in terms of Z, given in (4), follows from
varying the constraint on Z. We could of course also have done it the other
way around, imposing (4) and deriving the other expressions using the super-
symmetric transformations. A fermionic term then has to be added to (4) for
the vector field to satisfy the appropriate algebra.
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How to supersymmetrize the action above is in principle well known. The
first part is similar to the nonlinear sigma model with gauge interactions and
for the second part we write down the invariant action for the vector multiplet.
Since these two parts of the action are supersymmetric independently of each
other we are free to choose their relative sign. Hence we have
S = Λ2
∫
d4x
(
D¯µZ¯DµZ + iψσ
µD¯µψ¯ − iDµψσµψ¯ − F¯F + i
√
2Z¯λαψα
−i
√
2Zλ¯α˙ψ¯
α˙ +D(Z¯Z − 1))∓
∫
d4x
(
F 2µν + 2iλσ
µ∂µλ¯− 2i∂µλσµλ¯− 2D2
)
(20)
If we now substitute for the fields in (17)-(19) we obtain the action in terms
of the relevant fields. Note that when we do this we get, from the term that
contains derivatives of the fermions in the vector multiplet, terms that contain
derivatives of the field F . This means that the, previously, auxiliary fields
become dynamical. Hence in order to make the model supersymmetric we have
to add, additional to the fermions, another type of bosonic field. This is expected
since in the original action (7) we have a term with more than two derivatives.
In the above we have introduced the freedom to choose the sign in front of
the second part of the action. Comparing the supersymmetric action to the
action of the bosonic model we choose the minus sign. This directly reproduces
the terms in the bosonic action. The action in terms of the field Z that is needed
in order to construct the supersymmetric model is then
S =
∫
d4x
(
Λ2D¯µZ¯DµZ − F 2µν + 2(D¯µZ¯DµZ)2
)
(21)
The last term comes from the D2 in (20). The conclusion is that the Faddeev
model can not be supersymmetrized as it stands, another term has to be added.
This term is fourth order in time derivatives and the model therefore lacks an
hamiltonian interpretation.
What is more is that when considering solitons in this model one will find
that the new term acts unstabilizing. This is seen by considering the energy of
a static field configuration and applying Derrick’s theorem [7] to it. To make
this a little more transparent we go back to the original variables, n. The action
(21) is then
S =
∫
d4x
(
Λ2∂µn∂µn− (∂µn× ∂νn)(∂µn× ∂νn) + 2(∂µn∂µn)2
)
(22)
Since we are interested in how the new term affects solitons in the model we
consider the energy for static fields
E =
∫
d3x
(
Λ2∂in∂in+ F
2
ij − 2(∂in∂in)2
)
(23)
=
∫
d3x
(
Λ2∂in∂in+ (∂in∂in)
2 − (∂in∂jn)2 − 2(∂in∂in)2
)
=
∫
d3x
(
Λ2∂in∂in− (∂in∂in)2 − (∂in∂jn)2
)
(24)
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We now apply Derrick’s theorem to (24). One finds that as x → λx the term
proportional to Λ2, we call it E2, scales as λ and the other terms, we call them
E4 scales as 1/λ. If λ = 1 corresponds to a minimum of the energy we have
that
0 =
dE
dλ
∣∣∣
λ=1
=
d
dλ
(λE2 − 1
λ
E4)
∣∣∣
λ=1
= E2 + E4 (25)
Both E2 and E4 are positive definite and hence they both have to be zero for
the above to hold. Hence soliton solutions are not possible in the model.
There is a possibility to restore the loss of stability in the model by adding
other terms that are also fourth order in derivatives and at the same time keeping
supersymmetry, see [3]. In terms of Z the terms that we could add would be
−(D¯Z¯DZ)2 + ✷Z¯✷Z times some arbitrary constant. We will not pursue this
direction and refer to [3] for further details. We will instead go back to the
action (20) and choose the other possibility for the sign in front of the second
part of the action. The action in terms of the original variable, Z, is then
S =
∫
d4x
(
Λ2D¯µZ¯DµZ + F
2
µν − 2(D¯µZ¯DµZ)2
)
(26)
The corresponding energy in terms of n is
E =
∫
d3x
(
Λ2∂in∂in+ (∂in∂in)
2 + (∂in∂jn)
2
)
(27)
=
∫
d3x
(
Λ2∂in∂in+ F
2
ij + 2(∂in∂jn)
2
)
(28)
Hence we see that this is an alternative way to write the extension of the Faddeev
model. Applying Derrick’s theorem to this expression solitons are not ruled out.
Summarizing we can not obtain a supersymmetric version of the Faddeev
model. We have to add terms that are fourth order in time derivatives. Both
(21) and (26) are models that can be supersymmetrized and they both contain
the action of the Faddeev model plus a term that is fourth order in derivatives.
In (26) solitons are possible while in (21) they are not.
The energy of the full model corresponding to (26) is
E = Λ2
∫
d4x
(
D¯iZ¯DiZ + iψσiD¯iψ¯ − iDiψσiψ¯ + F¯F − i
√
2Z¯λαψα
+i
√
2Zλ¯α˙ψ¯
α˙ −D(Z¯Z − 1))+
∫
d4x
(− F 2ij + 2iλσi∂iλ¯− 2i∂iλσiλ¯+ 2D2) (29)
With
Ai =
i
2
(∂iZ¯Z − Z¯∂iZ)− 1
2
ψασiαα˙ψ¯
α˙ (30)
λα = − 1√
2
iF¯ψα − 1√
2
σiαα˙DiZψ¯
α˙ (31)
D = −D¯iZ¯DiZ − i
2
(ψασiαα˙D¯iψ¯
α˙ +Diψ
ασiαα˙ψ¯
α˙)− F¯F (32)
5
We obtain a lower bound to the energy of the model as
E ≥
∫
d3x
(
Λ2∂in∂in+ F
2
ij + 2(∂in∂jn)
2
)
(33)
≥
∫
d3x
(
Λ2∂in∂in+ F
2
ij
) ≥ KQ3/4H (34)
The last inequality we get following [8] and [9]. Here QH is the Hopf invariant
and K is a constant. The Hopf invariant is given by
QH =
1
(8π)2
∫
d3xǫijkFijAk (35)
Hence if the solitons have a nontrivial Hopf invariant their mass is nonzero.
Note that this is the same bound to the mass as in the non-supersymmetric
model [8] [9]. It is possible that the other terms affects the bound so that it
could be higher in the supersymmetric model. However it is not easy to say
because of the form of the terms. Here we are just interested in finding some
bound which can give a nontrivial mass, for that the above is enough.
3 N=2 supersymmetric model
The proper way of introducing topological charges in supersymmetric theories
is to consider extended supersymmetry [5]. We saw that the bosonic part of
the N = 1 model, as well as the original bosonic model, gave a bound to the
mass that was proportional to the Hopf invariant to the power 3/4. In extended
supersymmetry a lower bound to the mass is proportional to the central charge
in the model [5]. Hence we expect a mass bound that is linear in the topological
invariant for the N = 2 model, something that seems to be very different from
what we had in the N = 1 model. We do not expect a linear bound from the
Faddeev model and it is therefore interesting to study this case where it seems
that we get just that. We therefore proceed and construct the N = 2 version of
the Faddeev model.
The variations of the fields in the N = 2 hypermultiplet coupled to the
vector multiplet are
δZI =
√
2ξαIψα (36)
δψα = i
√
2σµαα˙ξ¯
α˙IDµZI + i
√
2φξIαZ¯I +
√
2ξIαFI (37)
δF I = i
√
2ξ¯Iα˙σ¯
µα˙αDµψα − i
√
2ξ¯Iα˙φψ¯
α˙ − 2iξ¯Iα˙λ¯ ˙αKZK (38)
δAµ = i(ξ¯
I
α˙σ¯
α˙α
µ λIα + ξ
αIσµαα˙λ¯
α˙
I ) (39)
δφ = 2ξαIλIα (40)
δλIα =
1
2
ξβIσµνβαFµν + iσ
µ
αα˙∂µφξ¯
α˙I + iξIαD (41)
δD = ξ¯Iα˙σ¯
µα˙α∂µλIα − ξαIσµαα˙∂µλ¯α˙I (42)
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Varying the constraint (6) under this new supersymmetry we obtain expressions
for the fields in the vector multiplet in terms of the fields in the hypermultiplet
Z¯IZI = 1 (43)
ξ¯Iα˙ψ¯
α˙ZI + ξ
IαψαZ¯I = 0 (44)
Aµ =
i
2
(∂µZ¯
IZI − Z¯I∂µZI)− 1
2
ψασµαα˙ψ¯
α˙ (45)
φ = −iF¯ IZI (46)
λIα = −
i√
2
ψαF¯
I − 1√
2
ZIσµαα˙D¯µψ¯
α˙ − ZIφ†ψα (47)
D = D¯µZ¯IDµZI +
i
2
(ψασµαα˙D¯µψ¯
α˙ −Dµψασµαα˙ψ¯α˙)− F¯ IFI
− i
2
ψαφ†ψα +
i
2
ψ¯α˙φψ¯
α˙ + Z¯Iφ†φZI +
√
2iZ¯IλIψ −
√
2iZI λ¯I ψ¯ (48)
The action of the N = 2 model with a hypermultiplet in interaction with the
vector multiplet is
S = Λ2
∫
d4x
(
D¯µZ¯DµZ +
i
2
ψσµD¯µψ¯ − i
2
Dµψσµψ¯ − F¯F +
√
2iZ¯λψ
−
√
2iZλ¯ψ¯ − i
2
ψαφ†ψα +
i
2
ψ¯α˙φψ¯
α˙ + Z¯φ†φZ +D(Z¯Z − 1)
)
±4
∫
d4x
(
∂µφ†∂µφ− 1
4
FµνF
µν +
i
2
∂µλσµλ¯− i
2
λσµ∂µλ¯+
D2
2
)
(49)
Note that the action is supersymmetric independently of the sign in front of the
terms in the action that contains the vectormultiplet. We saw in the N = 1
case that the stability of solitons in the model was dependent on exactly that
sign.
Using the expressions (43)-(48) the Lagrangian can be written in terms of
the fields in the hypermultiplet. The action that is needed to construct the
N = 2 model is
S =
∫
d4x
(
Λ2D¯µZ¯DµZ ∓ FµνFµν ± 2(D¯µZ¯DµZ)2
)
(50)
The last term comes from the D2-term in (49). This is the same action that was
needed in order to construct the N = 1 model. It seems that, analogous to the
N = 1 model, by choosing the appropriate sign we can have stable solitons in
the model. Note however that there are other terms in the Lagrangian now that
can make the model unstable. We want to study how the solitons in the original
model are affected and we therefore proceed and consider bosonic solitons in the
supersymmetric model. We restrict our considerations to bosonic solitons for
simplicity. The previously auxiliary field, F , is now a dynamical field which
means that we have more than one type of bosons to take into account. Some
of the terms that contain F are negative energy terms which is the reason for
our concern.
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The full bosonic action is
Sbosonic = Λ
2
∫
d4x
(
D¯µZ¯DµZ − F¯F + |Z¯F |2
)± 4
∫
d4x
(
− 1
4
FµνFµν
+∂µ(Z¯F )∂µ(ZF¯ ) +
1
2
(
D¯µZ¯DµZ − F¯F + |Z¯F |2
)2 )
(51)
The corresponding energy is
Ebosonic = Λ
2
∫
d3x
(
D¯iZ¯DiZ + F¯F − |Z¯F |2
)
+ 4
∫
d3x
(
± 1
4
FijFij
±∂i(Z¯F )∂i(ZF¯ )∓ 1
2
(−D¯iZ¯DiZ − F¯F + |Z¯F |2)2
)
(52)
We will choose the sign such that the original bosonic energy, that we need in
order to be able to have supersymmetry, allows for soliton solutions. We do this
because we do not want to exclude the possibility of having solitons in terms of
the field Z only. Considering the full bosonic theory we are interested in how
the interactions with the new bosonic field affects the stability and mass bound
of the solitons. It is difficult to find a mass bound directly from the energy (52)
since one cannot directly determine the relative size of the terms containing F .
However in an extended supersymmetric theory we know that we can compute
the central charge and from that obtain a mass bound [5]. This means that
there is an indirect way to find the mass bound, we do not have to make an
estimate from (52).
4 A mass bound
We now proceed with an attempt to compute the central charge of the N = 2
algebra above. The computation is well known, see for example [6], in the case
where the fields in the vector multiplet are independent of those in the scalar
multiplet. Here however we also have to take (43)-(48) into account. Note that
in the following we have made the choice of a negative sign in front of the second
part of the action, corresponding to the action of the vector multiplet.
The generators of supersymmetry are
Q1 =
∫
d3x (−4)
(
σµλ¯1(iF0µ + F˜0µ) + σ
µσ¯0λ2∂µφ
† + σ0λ¯1D
)
+
√
2Λ2
(
σµσ¯0ψD¯µZ¯1 + σ
0ψ¯F2 + σ
0Z1φ
†ψ¯ +
1√
2
σ¯0λ¯1Z¯Z
)
(53)
Q2 =
∫
d3x (−4)
(
σµλ¯2(iF0µ + F˜0µ)− σµσ¯0λ1∂µφ† + σ0λ¯2D
)
+
√
2Λ2
(
σµσ¯0ψD¯µZ¯2 − σ0ψ¯F1 + σ0Z2φ†ψ¯ + 1√
2
σ¯0λ¯2Z¯Z
)
(54)
together with their complex conjugates. The dual field strength tensor is given
by F˜µν = 1
2
ǫµνρσFρσ. The algebra of the N = 2 model is
{Q˜Iα, ¯˜Q
J
β˙} = 2iσµαβ˙Pµδ
IJ (55)
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{Q˜Iα, Q˜Jβ} = 2ZIJǫαβ (56)
where Q˜1 =
1√
2
(Q1+ iQ2) and Q˜2 =
1√
2
(Q1− iQ2). Here ZIJ is antisymmetric
in its indices and called the central charge. The central charge gives a mass
bound to the eventual solitons in the model [5] according to
MSUSY ≥
√
2|Z12| (57)
We therefore want to compute the anticommutator in (56). We do that using
{λIα, λ¯Jβ˙} =
i
4
σ0
αβ˙
δIJ (58)
{ψα, ψ¯β˙} =
i
Λ2
σ0
αβ˙
(59)
and the corresponding commutators for the scalar and vector field. Assuming
that we have static bosonic solitons in the model we obtain for the central
charge:
{Q1α, Q2β} = 8i
∫
d3x
1
2
ǫijkFjk∂iφ
†ǫαβ (60)
Hence we have that the central charge is
Z12 = 2i
∫
d3x ǫijkFjk∂iφ
† (61)
Where Fij is the bosonic part of the field strength, Fij = i(∂iZ¯∂jZ − ∂jZ¯∂iZ),
and φ is given by (46). Supersymmetry gives us the following relation for the
mass of solitons in the model
MSUSY ≥
√
2|Z12| =
√
2|2i
∫
d3x ǫijkFjk∂iφ
†| = 2
√
2|
∫
d3x ǫijkFjk∂i(Z¯
IFI)|
(62)
In order to see if the lowest bound is non-zero we study the vacuum configu-
ration. We start by considering the terms in the action that corresponds to a
potential
V (Z, F ) = Λ2
(
FF¯ − (Z¯F )(F¯Z))+ 2 (FF¯ − (Z¯F )(F¯ Z))2 (63)
Since FF¯−(Z¯F )(F¯Z) ≥ 0, the potential is positive definite and we have that the
energy is minimized when V (Z, F ) = 0. This corresponds to a field configuration
where
FF¯ − (Z¯F )(F¯ Z) = 0 ⇔ Z ‖ F , |F | = |Z¯F | (64)
That is we have
Z¯F = Ceiχ FI = CZIe
iχ (65)
Where C = constant is a special solution. In order to compute the mass bound
we introduce the parametrization of Z:
Z =
(
eiΦ12 sin ν
2
eiΦ34 cos ν
2
)
(66)
9
We define α = Φ12 + Φ34, β = Φ34 − Φ12 and γ = π − ν and obtain for the
bosonic part of the vector field and field strength
A = cos γdβ + dα F = sin γdβ ∧ dγ (67)
Using this we obtain for the mass bound
MSUSY ≥ |
√
2C
∫
sin γdβ ∧ dγ ∧ dχ| (68)
If γ, β and χ are coordinates on S3 this is, up to a constant, the winding number
π3(S
3). Hence if the angle χ is nontrivial we have a nontrivial bound to the
mass of solutions to the model. Note the similarity of the mass bound to the
Hopf invariant
QH ∝
∫
F ∧A =
∫
sin(γ)dβ ∧ dγ ∧ dα (69)
The Hopf invariant is not directly related to the central charge in this model we
just note that the structure of the two invariants are very similar. However the
above suggest that there are possibilities to have solitons with nontrival mass.
In order to find out exactly which masses we can have in the model we have to
explicitly find the solitons.
The above suggests that the bound is linear in the topological invariant ,
just as expected. However the topological invariant that we obtained in the
supersymmetric model is not necessarily the same as the Hopf invariant in the
bosonic model. In order to better understand how the two invariants are related
we will compare the two expressions when the bounds are saturated. We begin
by reviewing how the bound is obtained in the ordinary Faddeev model. The
energy of the Faddeev model is
E = e2 + e4 (70)
where e2 = Λ
2(∂in)
2 and e4 = F
2
ij = (n · ∂in× ∂jn)2. The energy can be given
a lower bound as follows
E = (
√
e2 −√e4)2 + 2√e2√e4 ≥ 2√e2√e4 (71)
This is then related to by a Sobolev-type inequality to an expression proportional
the Hopf invariant to the power 3/4 [8] [9]. The bound above is saturated when√
e2 =
√
e4. This is consistent with the result from Derrick’s theorem. The
energy is then
Emin = 2e4 (72)
We will now use the bound (62) that we obtained for the energy of the
bosonic part of the supersymmetric model. Completing the square the energy
(52) can be written as
Ebosonic =
∫
d3x
(
Λ2
(
D¯iZ¯DiZ + F¯F − |Z¯F |2
)
−( 1√
2
ǫijkFjk + 2i∂i(Z¯F ))(
1√
2
ǫijkFjk − 2i∂i(ZF¯ ))
+
√
2ǫijkFjk(i∂i(Z¯F )− i∂i(ZF¯ )) + 2
(
D¯iZ¯DiZ + F¯F − |Z¯F |2
)2 )
(73)
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We have that the energy is
Ebosonic = 2
√
2|
∫
d3xǫijkFjk∂i(Z¯F )| (74)
when the following equation holds
∫
d3x
(
Λ2
(
D¯iZ¯DiZ + F¯F − |Z¯F |2
)
+ 2
(
D¯iZ¯DiZ + F¯F − |Z¯F |2
)2
−( 1√
2
ǫijkFjk + 2i∂i(Z¯F ))(
1√
2
ǫijkFjk − 2i∂i(ZF¯ ))
)
= 0 (75)
One configuration that saturates this bound is
1√
2
ǫijkFjk + 2i∂i(Z¯F ) = 0 (76)
V (Z, F ) = 0 (77)
D¯iZ¯DiZ = 0 (78)
Using this the energy, when the bound is saturated, is
Emin = |
∫
d3xǫijkFjkǫilmFlm| = 2e4 (79)
This coincides with the minimal energy for the original bosonic Faddeev model.
Hence the original bound is contained in the supersymmetric bound. Therefore,
if the bound is nontrivial in the original model the bound must also be nontrivial
in the supersymmetric model.
5 Conclusions
In conclusion we have found that it is not possible to supersymmetrize the
Faddeev model as it stands. We have to add new higher derivative terms to
make it possible. There are several ways to modify the model to get a version
that can be supersymmetrized. We have analyzed the different possibilities
and found that there is one version of the model that is supersymmetric but
where bosonic solitons are excluded and one where they are allowed. We have
considered both the N = 1 and the N = 2 versions of the model and found that
the original theory have to be modified in the same way in both cases to allow
for supersymmetry. A lower bound to the mass have been found in both models.
In the N = 1 case the bound is proportional to the Hopf invariant to the power
3/4. In the N = 2 case the bound is given by an invariant very similar, but
not directly related, to the Hopf invariant. This bound is, as expected in a
theory with extended supersymmetry, linear in the topological invariant. We
have compared the saturated bounds in the different models and found that
the bound in the extended model contains the non-supersymmetric and N=1
bound. Doing that we draw the conclusion that a nontrivial lower bound is
11
possible in the model with extended supersymmetry just as in N = 1 and the
non-supersymmetric model.
Here we have mainly considered bosonic solitons for the reason that in the
ordinary Faddeev model three dimensional solitons exist. We have analyzed
how these solitons are affected when supersymmetry is added. It would also be
of interest to find the corresponding fermionic solitons in the model and study
how the interaction between fermions and bosons affects the solutions. This
would presumably be quite involved since one would have to solve the fermionic
equations of motion in the background of the bosonic solitons. Due to the
non-linearity of the equations the fermionic solutions would affect the bosonic
etc. What is easily done however is to compute a bound on the mass for the
full model, containing fermions. It might from there be possible to draw some
conclusions of what is required of a fermionic soliton for it to contribute to the
mass bound. This remains for future study.
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